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A SHORT PROOF OF GREENBERG’S THEOREM
GARETH A. JONES
Abstract. We give an alternative proof of Greenberg’s theorem that every finite group is isomorphic
to the automorphism group of a compact Riemann surface.
1. Introduction
In [7, Theorem 6′] Greenberg proved that every finite group is isomorphic to the automorphism
group of a compact Riemann surface. His proof depends on a delicate construction [7, Theorem 4]
of maximal Fuchsian groups with a given signature. Here we give an alternative proof, based on
well-known properties of triangle groups and their finite quotient groups. The author is grateful to
Alexander Mednykh for asking whether such a proof might be possible.
2. The proof
Let ∆ be a hyperbolic triangle group
∆(l,m, n) = 〈X, Y, Z | Xl = Ym = Zn = XYZ = 1〉,
so that l−1 + m−1 + n−1 < 1 and ∆ acts by isometries on the hyperbolic plane H. Dirichlet’s
Theorem on primes in arithmetic progressions implies that there are infinitely many prime powers
q ≡ −1 mod (k) where k := lcm(2l, 2m, 2n). For any such q there is a smooth (surface-kernel)
epimorphism ∆ → G := PSL2(Fq), so that the images x, y and z of X, Y and Z have orders l,m and
n (see [4, Corollary C], for example). These orders divide (q+ 1)/2, so x, y and z act semiregularly
in the natural action of G on the projective line P1(Fq). Since this action is primitive, the subgroup
H = G∞ of G fixing ∞ is a maximal subgroup of index q + 1 in G, and hence its inverse image N
in ∆ is a maximal subgroup of index q+ 1 in ∆. Since X, Y and Z induce semiregular permutations
of orders l,m and n on the cosets of N in ∆, none of their non-identity powers are conjugate to
elements of N. Thus N has no elliptic elements and is therefore a surface group
N = 〈Ai, Bi (i = 1, . . . , g) |
∏
i
[Ai, Bi] = 1〉
of genus g given by the Riemann–Hurwitz formula
(1) g =
q + 1
2
(
1 −
1
l
−
1
m
−
1
n
)
+ 1.
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Clearly, not every generator Ai or Bi of N can be contained in the core K of N in ∆, since this
is the kernel of the action of ∆ on P1(Fq) and N acts non-trivially. Without loss of generality
(renaming generators if necessary) we may assume that B1 < K.
Now g > (q + 1)/84 by (1), so given any finite group A one can choose q so that g ≥ d, where d
is the rank (minimum number of generators) of A. One can then find an epimorphism θ : N → A
by sending the generators Ai of ∆ to a generating set for A, and the generators Bi to the identity.
Let M = ker θ, so M is normal in N with N/M  A. Clearly N∆(M) ≥ N, so by the maximality
of N in ∆ we must have N∆(M) = N or ∆. In the latter case M is normal in ∆ and is therefore
contained in K, which is impossible since B1 ∈ M \ K. Thus N∆(M) = N.
The argument so far, which applies to any hyperbolic triple (l,m, n), shows that A is isomorphic
to the automorphism group AutM  N∆(M)/M of the dessin d’enfant (finite oriented hypermap)
M of type (l,m, n) corresponding to the subgroup M of ∆. (See [14] for background on dessins
and hypermaps). However, we wish to realise A as the automorphism group of the compact Rie-
mann surface S = H/M underlyingM; this certainly contains AutM, but it could potentially be
larger. Since N has no elliptic elements, neither has M, so M acts without fixed points on H; it
follows from this (see [12, Theorem 5.9.4], for instance) that AutS  N(M)/M where N(M) is the
nornaliser of M in AutH = PSL2(R). Clearly N∆(M) ≤ N(M), and we need to prove equality here.
In order to do this, let us choose the triple (l,m, n) so that ∆ is maximal (as a Fuchsian group)
and non-arithmetic. (By results of Singerman [18] and Takeuchi [20] these conditions are satisfied
by ‘most’ hyperbolic triples.) Since ∆ is non-arithmetic, a theorem of Margulis [16] implies that
its commensurator ∆ in PSL2(R) is a Fuchsian group. Since ∆ contains ∆, the maximality of ∆
implies that ∆ = ∆ and hence ∆ is the commensurator of each of its subgroups of finite index,
including M. It follows that N(M) is contained in ∆, and is therefore equal to N∆(M) = N. This
shows that S has automorphism group AutS  N/M  A, as required. (See [5, 19] for similar
applications of commensurators in the contexts of dessins and hypermaps.)
3. Remarks
1 One cannot regard this as an elementary proof of Greenberg’s Theorem (Allcock gives one in [1]),
since the results of Margulis, Singerman and Takeuchi which it uses are far from elementary.
Nevertheless, the route from them to the required destination is both short and straightforward.
2 As an example of a triple for which ∆ is non-arithmetic and maximal, one could take (2, 3, n)
for any prime n ≥ 13 (or indeed any integer n > 30). If n = 13, for instance, we require q ≡ −1
mod (156); the smallest such prime power is the prime 311, giving genus g = 15, so that all groups
A of rank d ≤ 15 are realised. Taking triples (2, 3, 21) or (2, 4, 9) allows smaller primes q = 83
or 71, both giving g = 6. The triple (4, 6, 12) allows an even smaller prime q = 23, but leads to a
larger genus g = 7.
3 In the above proof g has linear growth as q → ∞. Faster growth of g (and hence of d) can
be obtained if one replaces the natural representation of G = PSL2(q) with a different primitive
representation. For example, if 3 < q ≡ ±3 or ±13 mod (40) then G has a conjugacy class of
maximal subgroups H  A4 of index q(q
2 − 1)/24 (see [3, Ch. XII], for example). If l,m and n are
coprime to 6 then no non-identity powers of x, y or z are conjugate to elements of H, so the inverse
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image N of H in ∆ is a surface group of genus
g =
q(q2 − 1)
48
(
1 −
1
l
−
1
m
−
1
n
)
+ 1 >
q(q2 − 1)
120
(since l,m, n ≥ 5), giving cubic growth of g as q→ ∞. Again one must choose (l,m, n) so that ∆ is
maximal and non-arithmetic: the smallest such example in this case is (7, 11, 13). One must also
choose q so that G has generators x, y and z of orders l, m and n: for examples, see [4] or [15].
4 There are many other possibilities for ∆, G and H in this proof: one example, giving even
faster growth of g, is to use the action of the symmetric group G = Sp, for primes p ≥ 5, on the
(p−2)! cosets of its subgroup H = AGL1(p) (maximal by the classification of finite simple groups,
which includes that of groups of prime degree). Now H is a Frobenius group, that is, non-identity
elements of H have at most one fixed point in the natural action ofG of degree p, so one can ensure
that N is a surface group by choosing generators x, y and z forG each with at least two fixed points.
One can choose such a triple to generate G as follows. Provided G0 := 〈x, y, z〉 is transitive it is
primitive since the degree p is prime, so if at least one of x, y and z is a cycle with at least three
fixed points then an extension of Jordan’s Theorem in [11] implies that G0 contains the alternating
group Ap. If, in addition, at least one of x, y and z is odd thenG0 = Sp, as required. If l,m and n are
the orders of x, y and z then the inverse image N of H in ∆ = ∆(l,m, n) is a surface group of genus
g =
(p − 2)!
2
(
1 −
1
l
−
1
m
−
1
n
)
+ 1 >
(p − 2)!
84
,
giving super-exponential growth of g and hence d. As an example, if p = 2l − 3 one could take
x = (1, 2, . . . , l) and take y to be the cycle (4, 3, 2, 1, l + 1, l + 2, . . . , p) of length m = l + 1, so that
z = (xy)−1 is the cycle (p, p − 1, . . . , 4) of length n = p − 3 = 2l − 6; in this case, since l,m, n→∞
with p, we have g ∼ (p − 2)!/2 as p → ∞. The lists of exceptions in [18] and [20] show that
here ∆(l,m, n) is maximal and non-arithmetic for each prime p ≥ 13; for instance, if p = 13 then
∆ = ∆(8, 9, 10), with g = 13250161 large enough to realise most finite groups of current interest.
5 This proof of Greenberg’s Theorem is adapted from a proof in [10, Theorem 3(a)] that for any
hyperbolic triple (l,m, n) there are ℵ0 non-isomorphic dessins of type (l,m, n) with a given finite
automorphism group A. (See also [9] for related results by Hidalgo on realising groups as automor-
phism groups of dessins.) The Riemann surfaces S underlying these dessins have automorphism
group containing A. It would be interesting to determine whether they can be chosen so that
AutS = A in those cases where the corresponding triangle group is arithmetic or non-maximal.
6 In an earlier paper [6], Greenberg proved that every countable group A is isomorphic to the au-
tomorphism group of a non-compact Riemann surface, which can be taken to have finite type, that
is, to have a finitely generated fundamental group, if A is finite. Again, the proof is rather delicate
(but see [1] for a more elementary geometric proof). In [10] it is shown that for many hyperbolic
triples (including all of non-cocompact type and many of cocompact type), every countable group
can be realised as the automorphism group of 2ℵ0 non-isomorphic oriented hypermaps of that type.
It would be interesting to try to deduce Greenberg’s result for countable groups from this.
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7 In all the above variations of this proof, since the subgroupsM have finite index in triangle groups
∆, Belyı˘’s Theorem [2], as reinterpreted by Grothendieck [8], implies that the Riemann surfaces
S = H/M are defined, as projective algebraic curves, over algebraic number fields. (See [14, Ch. 1]
for background on Belyı˘’s Theorem.) What can be said about these fields? For example, can every
finite group A be realised as the automorphism group of a curve (or dessin) defined over Q? By
Cayley’s Theorem, A is contained in such a group: the standard generating triples for Sn, consisting
of cycles of lengths 2, n − 1 and n, are mutually conjugate, so they correspond to a unique regular
dessin D with automorphism group Sn; the absolute Galois group GalQ/Q (where Q is the field
of algebraic numbers) preserves the automorphism group and passport (triple of cycle-structures
of generators) of any dessin [13], so it preservesD and henceD is defined over Q. (See [17, §4.4,
§7.4.1, §8.3.1] for a Galois-theoretic interpretation of this example of rigidity.)
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